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Abstract 
Supersonic mixing and evaporation of poly-disperse 
sprays in complex flow systems are important in many 
engineering applications. The Eulerian and Lagrangian 
methods are two essentially different approaches for 
modeling such two-phase flows.  Considering sprays 
consisting of droplets of various diameters, the 
Lagrangian approach accounts for each droplet discretely, 
while the Eulerian approach model the droplets, through 
an averaging process, as a continuum representing a 
second phase in addition to the gas phase. In this paper, 
adopting the Eulerian approach, an all speed control 
volume-based numerical procedure for predicting 
turbulent mixing and evaporation of droplets of variable 
diameters is formulated and implemented.  
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1. Introduction 
The design of modern gas turbines emphasizes high 
efficiency and low emissions to satisfy strict 
environmental legislations.  To meet these requirements, 
new advanced combustion technology, such as Lean-
Premix-Prevaporize (LPP) and Rich-Quench-Lean (RQL) 
is being introduced, and reliance on Computational Fluid 
Dynamics to accelerate the development process is 
increasing. Key aspects in this process are the models 
representing turbulent swirling flows, spray propagation 
and evaporation in addition to chemical reaction. 
Moreover, in supersonic combustors, the high flow 
velocities and short residence times require that fuel and 
air mix and burn quickly to avoid excessive long 
combustors. Therefore, understanding the nature of 
turbulent mixing and the need for means to augment the 
mixing process are essential in designing more efficient 
propulsive systems.  
Approaches for the simulation of droplet transport and 
evaporation in combustors can be classified under two 
categories, namely the Lagrangian and Eulerian methods.  
In both methods the gaseous phase is calculated by 
solving the Navier-Stokes equations with a standard 
discretization method such as the Finite Volume Method. 

The liquid phase however is treated differently in each 
approach. 
In the framework of the Lagrangian method [1-5], the 
spray is represented by discrete droplets with each one 
characterizing a number of physical droplets that are 
observed and advected explicitly through the 
computational domain until it evaporates or exits through 
one of the boundaries.  The equations of motion of the 
droplet in this case are a set of ordinary differential 
equations, which are solved by a numerical procedure 
different from that of the gaseous phase.  To account for 
the interaction between the gaseous phase and the spray, 
several iterations of alternating solutions of the gaseous 
phase and the spray have to be conducted.  Therefore, the 
computational effort for strongly interacting two-phase 
flows with the Lagrangian method is rather large.  
Furthermore, for turbulent flow simulation the above 
model has to be augmented with a stochastic or a Monte-
Carlo approach. 
In the Eulerian method [6-11], the evaporating spray is 
treated as an interacting and interpenetrating continuum, 
as such the resulting equations are similar to the equations 
describing the gaseous phase.  This description allows the 
gaseous phase and the spray to be discretized by the same 
method, and therefore to be solved by the same numerical 
procedure.  However, because of the presence of multiple 
phases, a multiphase algorithm needs to be used rather 
than a standard single-phase algorithm.  
The model developed and implemented in this paper 
accounts for the heating and evaporation of multiple size 
droplets. The interaction of the gas and droplet phases is 
accounted for by using a two-phase multi-component 
Eulerian approach.  The implementation is validated for 
subsonic and supersonic speeds and will form the basis 
for studying the more general problem of supersonic fuel 
mixing and combustion in the future. 
In what follows the governing equations for droplet 
transport and evaporation are presented. Then, subsonic 
and supersonic turbulent evaporation results in a 
rectangular channel are discussed.  

2. The governing equations 
When describing multiphase flow phenomena it is 
implied that more than one phase exist within a small 
volume at any particular time.  This view rests on the idea 
of time and space averaging [12,13] and is equivalent to 



treating each phase as a continuum in the space under 
consideration, which requires choosing a proper scale 
with regard to the control volume used. For a multi-phase 
system the equations are derived over a representative 
element volume within which the different phases are 
present.  
Except for the near region of the injector where the spray 
is dense, the volume fraction of the spray is low.  In this 
dilute two-phase flow regime, interaction between 
droplets can be neglected.  Starting from the Navier-
Stokes equations, instantaneous transport equations for 
the gas and droplet phase can be derived either by spatial, 
temporal, or ensemble averaging. However, these 
transport equations can only be used for the description of 
sprays in laminar gas flows.  Since combustors generally 
operate in the turbulent regime, the system of equations is 
extended by introducing turbulent fluctuations of the 
transport quantities followed by Reynolds averaging of 
the equations.  For the gaseous phase, the standard k-ε 
model is employed, while an algebraic model based on a 
Boussinesq approach approximates the turbulence terms 
in the droplet phase transport equations.  The interacting 
flow fields are described by the transport equations 
presented next. 

2.1 Gas equations 
The continuity, momentum, energy, turbulence kinetic 
energy, and turbulence dissipation rate equations for the 
gas phase, which is composed of two species namely air 
and vapor, in addition to the mass fraction equation of the 
fuel vapor in the gaseous phase, are respectively written 
as: 
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2.2 Droplet balance equations 
Droplet evaporation is simulated by means of the Uniform 
Temperature model [2,4]. This computationally effective 
droplet model is based on the assumption of a 
homogeneous internal temperature distribution in the 
droplet and phase equilibrium conditions at the surface.  

The analytical derivation of this model does not consider 
contributions to heat and mass transport through forced 
convection by the gas flow around the droplet.  Forced 
convection is taken into account by means of two 
empirical correction factors ( )  [14].   correctioncorrection handm

( ) ( ) d,Cd
d,t

d,t
ddddd I

Sc
.v.

t
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
∇∇=∇+

∂
∂ α

µ
ραρα

ρ  (7) 

( ) ( ) d,M
D
d

B
ddddddddd I.pvv.v

t
+++∇+∇−=∇+

∂
∂ FFταραρα

ρρρ  (8) 

( ) ( ) d,Eg
d,t

d,t
ddddddd Ih

Pr
.hv.h

t
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
∇∇=∇+

∂
∂ µ

ραρα  (9) 

( ) ( ) *
vap2

d
d

d,t

d,t
dddddd m

D
8

D
Pr

.Dv.D
t

&
π

αµ
αραρα −⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
∇∇=∇+

∂
∂  (10) 

where 
*
vap3

d
g,Cg,C m

D
6

II &
π

α
=−=  (11) 

( ) ⎟
⎠
⎞

⎜
⎝
⎛ +−−=−= d

*
vapdgdgDg

2
3
d

g,Mg,M UmUUUUCD
8D

6
II &ρπ

π
α  (12) 

( )*
s,cond

*
s,vap3

d
g,Eg,E QH

D
6

II && +=−=
π

α  (13) 

vapcorrection
*
vap mmm && =  (14) 

( )gd
*2*

s,cond TTDQ −= απ&  (15) 

( )gdref,vap,p
*
vap

*
s,vap TTcmH −= &&  (16) 

s,vap

g,vap
ref,imref,gvap Y1

Y1
lnD2m

−

−
Γ= ρπ&  (17) 

1
D2
cm

exp

D

cm

h

ref,g

ref,vap,pvap

2
ref,vap,pvap

correction
*

−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

λπ

πα
&

&
 (18) 

3  (19) /12/1
correction ScRe276.01m +=

3/12/1
correction PrRe276.01h +=  (20) 

g

d

g

d
g,turbd,turb k

k
ρ
ρµµ =  (21) 

For the two-phase flow considered, the volume fractions 
αg and αd are characterized by the condition: 

1gd =+αα  (22) 

The ratio of the turbulent kinetic energies of the dispersed 
and gas phase is calculated following the approach in 
[9,11]: 
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Since in general the droplets do not follow the motion of 
the surrounding fluid from one point to another it is 
expected for the ratio kd/kg to be different from unity and 
varies with particle relaxation time t and local turbulence 



quantities. Krämer [9] recommends the following 
equation for the frequency of the particle response: 
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with a characteristic macroscopic length scale of 
turbulence given by 
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3. Discretization procedure 
A review of the above differential equations reveals that 
they are similar in structure.  If a typical representative 
variable associated with phase (k) is denoted by φ(k), the 
general fluidic differential equation may be written as: 
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where the expression for Γ(k) and Q(k) can be deduced 
from the parent equations.  
The general conservation equation (27) is integrated over 
a finite volume to yield: 
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Where Ω is the volume of the control cell. Using the 
divergence theorem to transform the volume integral into 
a surface integral, replacing the surface integrals by a 
summation of the fluxes over the sides of the control 
volume, and then discretizing these fluxes using suitable 
interpolation profiles (the High Resolution SMART [15] 
scheme is employed and applied within the context of the 
NVSF methodology [16]) the following algebraic 
equation results: 
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In compact form, the above equation can be written as 
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An equation similar to equation (29) is obtained at each 
grid point in the domain and the collection of these 
equations forms a system that is solved iteratively.  
The discretization procedure for the momentum equation 
yields an algebraic equation of the form: 
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Furthermore, the phasic mass-conservation equation can 
be viewed as a phasic volume fraction equation, which 
can be written as:  
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or as a phasic continuity equation to be used in deriving 
the pressure correction equation: 
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where the ∆ operator represents the following operation: 
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3.1 Pressure correction equation 
To derive the pressure-correction equation, the mass 
conservation equations of the various fluids are added to 
yield the global mass conservation equation given by: 
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Denoting the corrections for pressure, density, and 
velocity by ′ P , , and , respectively, the 
corrected fields are written as: 

)( ′ku )( ′kρ

)()()()(*)()( ,, ′′ +=+=′+= kkkkkkPPP ρρρ
οο uuu   (36) 

Combining equations (31), (35), and (36), the final form 
of the pressure-correction equation is obtained as [17]: 
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The corrections are then applied to the velocity, density, 
and pressure fields using the following equations: 
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3.2 MCBA-SIMPLE Algorithm
The overall solution procedure is an extension of the 
single-phase SIMPLE algorithm into multi-phase flows. 
Since the pressure correction equation is derived from 
overall mass conservation, it is denoted by MCBA-
SIMPLE [17]. The sequence of events in the MCBA-
SIMPLE is as follows: 
• Solve the fluidic momentum equations for velocities. 
• Solve the pressure correction equation based on 

global mass conservation. 
• Correct velocities, densities, and pressure. 
• Solve the fluidic mass conservation equations for 

volume fractions. 
• Solve the fluidic scalar equations (k, ε, T,Y,D, etc…). 
• Return to the first step and repeat until convergence. 



4. Results and discussion 
The above described method has been implemented 
within a finite volume code and used to generate solutions 
for laminar, turbulent, subsonic, and supersonic 
evaporation and mixing of water droplets in air. For that 
purpose, preliminary results for three two-dimensional 
two-phase flow problems are presented. The physical 
situation for these problems, depicted in Fig. 1, represents 
a rectangular duct in which air enters with a uniform free 
stream velocity U, while fuel (water is used here) mixed 
with air is injected along a central portion of width d 
(d=3W/21). The length of the domain is L (L=1 m) and its 
width is W (W=0.25m).  In all problems, the domain is 
subdivided into 42x23 uniform control volumes, the fuel 
is injected through 3 control volumes with velocities that 
are equal in magnitude (=20% of the free stream velocity) 
but with different injection angles (making -45°, 0°, and 
45° with the horizontal as shown in Fig. 1).  Moreover, 
the required temperature dependent properties of the 
carrier gas (air) and vapor species are given by [18]: 
For air 
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For water and water vapor 

( )
K.s.m/J6531.0K.kg/J4184cm/kg997

kg/JT15.37310x595.210x257.2L

K.s.m/JT10x51.4T10x41.1T10x21.810x024.1

s.m/Kg10x077.3T01x07.4

K.kg/JT10x956.4xT07482.0xT34.378137c

molekg/kg015.18MW

LL
3

L

36
V

3112762
v

68
v

352
v,p

water

===

−+=

−+−=

−=

−+−=

=

−−−−

−−

−

λρ

λ

µ
 (40) 

It is further assumed that the Lewis number is equal to 
unity and the diffusivity (Γ) is calculated with the density 
evaluated at the reference temperature.  
 

L

Wd

 
Fig. 1  Physical domain. 

4.1 Subsonic laminar evaporation and mixing 
  In this problem the Mach number and temperature of the 
air at inlet to the domain are taken to be 0.1 (Mair,inlet=0.1)  
and 900 K, respectively. The mixture of air and droplet 
enters the domain at a temperature of 300 K with the 
volume fraction of the water in the injected air-water 
mixture being 10-3. Results generated are depicted in Figs. 
2 and 3. In Fig. 2(a) the droplet volume fraction and 
velocity fields are depicted. As shown, due to the higher 
air velocity, the spreading of injected water is low and 
droplets quickly align with the air velocity. As expected, 
the gas temperature (Fig. 2(b)) is minimized along the 

centerline of the domain. This decrease in temperature is 
associated with an increase in density (Fig. 2(c)). The 
distribution of the water vapor in the gas phase is 
displayed in Fig. 2(d). The mass fraction of the water 
vapor in the gas phase increases as the mixture moves 
downstream in the channel due to the increase in the 
evaporated amount with distance, which is physically 
plausible. Computations have shown that 32.4% of the 
water droplets entering the domain are transformed into 
water vapor. 
The decrease in the droplet diameter along the centerline 
of the channel is depicted in Fig. 3(a), while the increase 
in the droplet temperature there is displayed in Fig. 3(b). 
The rate of increase is high in the early part of the channel 
where 90% of the total increase occurs over almost 15% 
of the channel length due to the relatively low gas 
velocity. This decrease in temperature is associated with a 
decrease in the rate of evaporation, which explains the 
slight increase in the rate at which the diameter decreases. 

4.2  Subsonic turbulent evaporation and mixing 
For the same input as in problem 1, the Mach number is 
increased to 0.4, the k-ε model is invoked and results for 
turbulent conditions are generated.  Results are depicted 
in Figs. 4 and 5. Due to turbulence and the larger 
velocities involved, higher mixing is obtained (Figs. 4(a)-
4(d)).  The drop in temperature is less than in the previous 
cases (Fig. 4(b)) however it occurs over a wider area of 
the domain. Similar spreading is seen for the gas density 
(Fig. 4(c)) and the water vapor mass fraction (Fig. 4(d)). 
Due to the higher velocity and consequently shorter 
residence time of the mixture in the channel, only 12.4% 
of the water droplets entering the domain are transformed 
into water vapor in comparison to 32.78% for the 
Mair,inlet=0.1 case. This lower evaporation rate is reflected 
by the small decrease in the droplet diameter, in 
comparison with the previous case, depicted in Fig. 5(a). 
Moreover, the rate of increase in the droplet temperature 
is lower than in the previous case (Fig. 5(b)). Again this is 
caused by the higher velocities, which allows less time for 
heat transfer between the droplets and gas. 
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Fig. 2  (a) droplet volume fraction, (b) velocity field, (c) 
gas temperature, (d) gas density, and (e) mass fraction of 
water vapor (M=0.1, laminar). 
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(a)                                        (b) 
Fig. 3  (a) Variation of droplet diameter and (b) droplet 
temperature along the center line of the domain.  

4.3 Supersonic turbulent evaporation and mixing 
of water droplets in air 
For the same physical situation depicted in Fig. 1, the 
Mach number of the air at inlet to the domain is set to 2 
(Mair,inlet=2). All other parameters are similar to those used 
earlier.  Turbulent flow results for this case are presented 
in Figs. 6 and 7. Due to the higher velocity, deeper 
penetration of the water droplet is accomplished (Fig. 
6(a)). The gas temperature decreases along the centerline 
of the domain and increases close to the walls (Fig. 6(b)) 
due to the use of a Neumann boundary condition, which 
causes heat generated by viscous dissipation to be trapped 
in the boundary layer region. Moreover, the gas density 
(Fig. 6(c)) is higher in regions where the water vapor 
mass fraction is higher (Fig. 6(d)) and both increase as the 
mixture moves downstream in the channel due to the 
increase in the evaporated amount with distance. 
Computations have shown that only 3.41% of the water 
droplets entering the domain are transformed into water 
vapor due to the high velocities involved and 
consequently short residence time of water droplets. 
The decrease in the droplet diameter along the centerline 
of the channel is depicted in Fig. 7(a), while the increase 

in the droplet temperature there is displayed in Fig. 7(b). 
Lower decrease in the droplet diameter is obtained as 
compared to the previous cases, which is in line with the 
lower evaporation rate. Moreover, the rate of increase in 
temperature is still higher in the early part of the channel 
but it occurs at a much lower rate than the previous 
subsonic cases and is spread over most of the channel 
length. 
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Fig. 4  (a) droplet volume fraction, (b) velocity field, (c) 
gas temperature, (d) gas density, and (e) mass fraction of 
water vapor (M=0.4, turbulent). 

0 0.25 0.5 0.75 1
X

8.4E-05

8.6E-05

8.8E-05

9E-05

9.2E-05

9.4E-05

9.6E-05

9.8E-05

0.0001

Dd

0 0.25 0.5 0.75 1
X

300

305

310

315

320

325

330

335

D
ro

pl
et

Te
m

pe
ra

tu
re

 
(a)                                             (b) 

Fig. 5  (a) Variation of droplet diameter and (b) droplet 
temperature along the center line of the domain.  

5. Conclusion 
An Eulerian model for the prediction of variable size 
droplet evaporation and mixing at all speeds was 



presented. The model was tested by solving evaporation 
and mixing problems in the various Mach number 
regimes. Results obtained are promising but still need 
validation against published data. Even though water was 
used for the droplets, this is not a model restriction and 
multi-component fuels can be equally used as droplet 
materials. Also a number of numerical issues are currently 
being addressed.  These and a fuel-air system 
implementation will be our next step focus. 
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Fig. 6  (a) droplet volume fraction, (b) velocity field, (c) 
gas temperature, (d) gas density, and (e) mass fraction of 
water vapor (supersonic M=2, turbulent). 
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Fig. 7  (a) Variation of droplet diameter and (b) droplet 
temperature along the center line of the domain.  
 


